ABSTRACT. An isotopic to the identity map of the 2-torus, that has zero rotation vector with respect to an invariant ergodic probability measure, has a fixed point by a theorem of Franks. We give a version of this result for nilpotent subgroups of isotopic to the identity diffeomorphisms of the 2-torus. In such a context we guarantee the existence of global fixed points for nilpotent groups of irrotational diffeomorphisms. In particular we show that the derived group of a nilpotent group of isotopic to the identity diffeomorphisms of the 2-torus has a global fixed point.
INTRODUCTION
Abelian groups of isotopic to the identity C 1 -diffeomorphisms of a closed oriented surface S have global fixed points when the Euler characteristic of S is different from zero. When S is the 2-sphere it is also assumed that the group is generated by diffeomorphisms C 0 -close to the identity map of S. In these cases the existence of global fixed points is essentially imposed by the topology of S and its interplay with the dynamics of nilpotent (or abelian) actions. Several papers have dealt with this question as [4, 5, 20, 11, 16, 17, 3] on the abelian case, and as [10, 28, 13] for the nilpotent ones.
The starting point for this kind of problem has been the articles of Lima [24, 1964] and Plante [27, 1986] where they proved the existence of global fixed points for the action of abelian and nilpotent connected Lie groups respectively, on surfaces with Euler characteristic different from zero.
When S is the 2-torus T 2 we need to assume more conditions on the group, other than the nilpotent property, to guarantee the existence of global fixed points.
In a recent paper, Finite orbits for nilpotent actions on the torus (cf. [12] ), we study the existence of finite orbits for the action assuming hypothesis of topological type on the group. More precisely we show that if a nilpotent group of C 1 diffeomorphisms of the 2-torus has an element with non-vanishing Lefschetz number then it has a finite orbit. In this article we follow a different approach, considering hypothesis of dynamical nature on the group that are inspired in a result of Franks (cf. Theorem 1.1).
To approach this question let us consider a homeomorphism φ of the torus T 2 that belongs to the connected component of the identity, Homeo 0 (T 2 ) , of Homeo(T 2 ). Letφ be a lift of φ to the universal covering R 2 of T
2
. Following [25] , the rotation vectors of φ are the limits of sequences of the form φ n k (x k ) −x k n k where (n k ) k≥1 is an increasing sequence of positive integers and (x k ) k≥1 is a sequence of points in R
. This set will be denoted by ρ φ . It follows from [25] that it is a non-empty compact and convex subset of R 2 . Equivalently we have that ρ φ = ρ µ φ ; µ ∈ P(φ) where P(φ) is the set of φ-invariant Borel probability measures and
Since φ belongs to Homeo 0 (T 2 ), it follows thatφ commutes with the covering transformations andφ − Id is a well-defined map on T [14] ). Let φ ∈ Homeo 0 (T 2 ). Let µ be an ergodic φ-invariant Borel probability measure such that the rotation vector ρ µ (φ) is the zero element of R 2 /Z 2 . Then φ has a fixed point.
The next result is a generalization of this theorem in the context of nilpotent groups of diffeomorphisms.
Conventions. From now on, we make the following conventions. A homeomorphism ψ ∈ Homeo(R 2 ) always denotes a lift to the universal covering of ψ ∈ Homeo(T 2 ) and vice-versa. Moreover, π : R 2 → T 2 denotes the universal covering map and unless explicitly stated otherwise a lift means a lift to the universal covering. 
where H is a normal subgroup of G. Suppose there exists a φ-invariant ergodic probability measure µ such that the support of µ is contained in Fix(H) and ρ µ (φ) is the zero element in R 2 /Z 2 . Then G has a global fixed point.
We denote by H, φ the group generated by H and φ. Moreover, Fix(φ) denotes the set of fixed points of φ. We define Fix(L) = ∩ f ∈L Fix(f ) as the set of global fixed points of a set L of transformations. By definition Diff -isotopic to the identity. Let us remark that the fixed point detected by the theorem of Franks is not necessarily contained in the support of the invariant ergodic measure. However, if the homeomorphism has a unique fixed point then it belongs to the aforementioned support. This follows from the next two remarks. If φ has a unique fixed point p ∈ T 2 then the fixed point index of φ at p is zero by the Lefschetz fixed-point theorem. In this case, a result of Schmitt in [29] guarantees that we can perturb φ in an arbitrarily small neighborhood of p to obtain ψ ∈ Homeo 0 (T 2 ) with no fixed points. Of course, from the remarks above is simple to conclude the existence of a global fixed point for H, φ in Theorem 1.2 when φ has a unique fixed point even in the case where H, φ ⊂ Homeo 0 (T 2 ) . The previous theorem guarantees, in particular, that two commuting elements φ and ψ of Diff 1 0 (T 2 ) share a common fixed point if there exists a φ-invariant ergodic probability measure µ whose support is contained in Fix(ψ) and ρ µ (φ) = 0 ∈ R 2 /Z 2 . Notice that the original Franks theorem holds true for homeomorphisms but we need the differentiability since we use a Thurston decomposition à la Franks-Handel-Parwani [16] .
We say that an element φ of Homeo 0 (T 2 ) is irrotational if there exists a liftφ ∈ Homeo 0 (R 2 ) of φ that has (0 , 0) as its unique rotation vector, i.e. ρ µ φ = (0 , 0) for any µ ∈ P(φ). In that caseφ is unique and we say that it is the irrotational lift of φ. A subgroup G of Homeo 0 (T 2 ) is irrotational if every of its elements is irrotational.
The result of Franks [14] implies, in particular, that the irrotational elements of the group Homeo 0 (T 2 ) have fixed points. Following the context of Franks and of Theorem 1.2, it is natural to study the existence of global fixed points for irrotational nilpotent subgroups of Diff 1 0 (T 2 ). We solve this problem in the next theorem. It will follow as a consequence of Theorem 1.2 and simple well-known properties of nilpotent groups.
. Then G has a global fixed point.
Let us remark that the existence of fixed points for each element of a nilpotent subgroup G of Diff
is not sufficient to guarantee a global fixed point for G. In the above result we exploit the fixed points given by the irrotational nature of the elements of G.
The dynamics of irrotational homeomorphisms has been studied by Koropecki and Tal (cf. [23, Theorem A] ) in the area-preserving case.
Motivated by Theorem 1.3 it is natural to search for examples of irrotational groups. The next theorem illustrates that irrotational groups appear naturally in the context of nilpotent groups.
The group Homeo + (T 2 ) is the subgroup of Homeo(T 2 ) formed by the orientationpreserving elements. Theorems 1.4 and 1.3 provide immediately the following result. Theorem 1.5. Let G be a nilpotent subgroup of Diff 1 (T 2 ). The following subgroups of G have a global fixed point :
Given a subgroup G ⊂ Homeo(T 2 ) we always denote by G 0 the subgroup of isotopic to the identity elements of G and we define the sets :
and
where P(G) = ∩ ψ∈G P(ψ) . Of course we are following our convention thatφ is a lift of φ ∈ Homeo(T 2 ) to the universal covering. The set I G consists of the irrotational elements of G whereas G I is the set of elements of G that are irrotational with respect to G-invariant measures. It is clear that I G is contained in G I . Moreover, G I is a normal subgroup of G by Lemmas 2.2 and 2.3.
Given a surface S we fix the notations Homeo(S) , Homeo + (S) and Homeo 0 (S) with similar meanings as we have done previously, for the case S = T Let G be a subgroup of Homeo(S) and let τ :S → S a covering map. We say that a subgroup G τ of Homeo(S) is a τ -lift of G if each element φ τ ∈ G τ is a τ -lift of some element φ ∈ G and the natural projection κ : G τ → G defined by κ(φ τ ) = φ is an isomorphism of groups.
In the study of nilpotent groups of homeomorphisms of the 2-torus, the irrotational elements play a similar role as the isotopic to the identity homeomorphisms in closed orientable surfaces S with negative Euler characteristic. In both cases there exists a privileged lift, namely the irrotational lift and the identity lift , respectively, for irrotational and isotopic to the identity homeomorphisms.
Let us remind the reader that the negative Euler characteristic hypothesis on S guarantees that Homeo 0 (S) is homotopically trivial (cf. [19] ) and we have that the identity liftφ of φ ∈ Homeo 0 (S) is the unique lift of φ to the universal covering of S that commutes with all covering transformations. It is obtained by lifting, to the universal coveringS of S , any isotopy from Id S to φ starting at IdS . The setĨ Homeo 0 (S) of identity lifts of all elements in Homeo 0 (S) is a normal subgroup of the group of all lifts of elements of Homeo(S). Analogously the setĨ Homeo 0 (T 2 ) , of irrotational lifts of elements of I Homeo 0 (T 2 ) , is not a group but it is a normal subset of the group of all lifts of elements of Homeo(T 2 ) in the following sense :
and ψ is a lift of any ψ ∈ Homeo(T 2 ) to the universal covering of T
. This property is a consequence of Lemma 2.2. Similarly, the set I Homeo 0 (T 2 ) has the same property.
Anyway we prove that even if I G is not a group for a general subgroup G of the group Homeo(T 2 ), it is always a normal subgroup of G when G is a nilpotent subgroup of Homeo(T 2 ). A natural strategy in order to show this result is to compare I G with G I . More precisely, we compare the set of rotation vectors of a liftφ of φ ∈ G 0 with the set {ρ µ (φ) ; µ ∈ P(G)} of rotation vectors with respect to G-invariant measures. In such context we prove the following result. Theorem 1.6. Let G be a nilpotent subgroup of Homeo(T 2 ). Then there exists a finite index normal subgroup H of G containing G 0 such that ρ µ φ ; µ ∈ P(φ) = ρ ν φ ; ν ∈ P(H) for any liftφ of every φ ∈ G 0 . In particular, the set I G of irrotational elements of G is a normal subgroup of G.
It is possible to choose the group H such that G/H is equal to a subgroup of C 6 or a subgroup of D 4 where C n is the cyclic group with n elements and D m is the dihedral group with 2m elements.
From Theorems 1.6 , 1.3 and 1.4 we easily conclude the following corollary.
. The set of irrotational elements of G is a normal subgroup of G that contains G ′ and has a global fixed point.
Other results comparing the rotational properties of the elements of a nilpotent subgroup of Homeo(T 2 ) with the rotational properties with respect to measures in P(G) are introduced in section 4 (cf. Propositions 4.6, 4.7 and 4.8).
PRELIMINARIES
Let G be a group and H be a subgroup of G. We denote by [ H, G ] the subgroup of G generated by the elements of the form [ h , g ] = hgh
where h ∈ H and g ∈ G. If H is a normal subgroup of G then [ H, G ] is a subgroup of H which is normal in G.
Given a group G let us consider the upper central series
is the trivial subgroup of G. The members of the upper central series are characteristic subgroups of G. In particular they are normal subgroups of G and we have
The focus of this paper is the study of nilpotent groups of homeomorphisms and diffeomorphisms of the 2-torus. In what follows we will be using frequently the next two well known lemmas.
Lemma 2.2. Let φ ∈ Homeo 0 (T 2 ) , µ ∈ P(φ) and ψ ∈ Homeo(T 2 ) . For all lifts to the universal converingφ andψ of φ and ψ respectively, we have :
where v ∈ Z 2 and ν = ψ * (µ) .
Lemma 2.3. Consider the subgroup Homeo 0,µ (T 2 ) of Homeo 0 (T 2 ) whose elements preserve a probability measure µ and let Homeo 0,µ (R 2 ) be the subgroup of Homeo 0 (R 2 ) consisting of all the lifts of elements of Homeo 0,µ (T 2 ). Then the map
is a morphism of groups.
Now we introduce three results proved by the second author in [28] that will be used to find global fixed points for nilpotent groups of torus diffeomorphisms.
be a finitely generated nilpotent subgroup that preserves a non-empty compact set. Then G has a global fixed point.
be a nilpotent subgroup such that Fix(φ) is a nonempty compact set for some φ ∈ G. Then G has a global fixed point.
The next result is a Thurston decomposition for a normal subgroup of a nilpotent group. It is inspired in similar results given in [16] for the abelian case. Proposition 2.6. Let G be a finitely generated nilpotent subgroup of Diff + (S) where S is a finitely punctured surface. Consider a normal subgroup H of G and a compact G-invariant set K such that K ⊂ Fix(H). Denote M = S \ K and suppose that the Euler characteristic χ(M) is negative if K is finite. Then there exist a finite family R of pairwise disjoint, pairwise non-homotopic simple closed curves in M and a family of pairwise disjoint open annuli A in M of the same cardinal as the family R such that every curve in R is a core curve of exactly an annulus in A and given φ ∈ G there exists θ φ ∈ Homeo + (S) such that φ is isotopic to θ φ relative to K and θ φ (A) = A. Moreover given a connected component X of S \ A we have
Moreover the set {(θ φ ) |X\K : φ ∈ J}, where J ⊂ G is the stabilizer of X modulo isotopy relative to K, is a group of pseudoAnosov and finite order elements that is virtually cyclic and nilpotent. The result is obtained by considering the subgroups H 1 = H , H 2 = G and the sets K 1 = K and K 2 = ∅ in Proposition 3.1 of [28] .
ROTATIONAL PROPERTIES
In the introduction we say that a subgroup G of Homeo 0 (T 2 ) is irrotational when every element φ ∈ G is irrotational with respect to P(φ) , i.e. there exists a liftφ ∈ Homeo 0 (R 2 ) of φ such that ρ µ φ = ( 0 , 0 ) for all µ ∈ P(φ). Following the definition of I G we have that a subgroup G ⊂ Homeo 0 (T 2 ) is irrotational when G = I G . Now, let us introduce a new definition of irrotational subgroups of Homeo 0 (T 2 ). We say that a subgroup G ⊂ Homeo 0 (T 2 ) is P(G)-irrotational when every element φ ∈ G is irrotational with respect to P(G) , i.e. there exists a liftφ ∈ Homeo 0 (R 2 ) of φ such that ρ µ φ = ( 0 , 0 ) for all µ ∈ P(G). Following the definition of G I we have that a subgroup G ⊂ Homeo 0 (T 2 ) is P(G)-irrotational when G = G I . These two concepts of irrotationality could be a priori different since given φ ∈ G the set P(φ) can be much bigger than P(G). Later on we will see that if G is a nilpotent subgroup of Homeo 0 (T 2 ) the definitions coincide (cf. Proposition 4.7). Now we introduce some notations. Let G be a subgroup of Homeo(T 2 ) and suppose µ ∈ P(G) . Following the convention aboutφ and φ we define the following sets :
Since the map ρ µ :
is a morphism, it follows thatG
). Moreover, we have thatG I and G µ I are lifts of G I and G µ I respectively, since the natural projectionsφ ∈G
In [12] we relate the rotational properties of a nilpotent group with the existence of lifts and we prove the following proposition that will be used in the next section. Nilpotent subgroups of Homeo(T 2 ) induce nilpotent subgroups of the mapping class group of T 2 , i.e. nilpotent subgroups of GL(2 , Z). We will need a classification of such groups in order to study rotational properties. They are virtually cyclic and metabelian. Moreover, there exists a unique example of non-abelian group, up to conjugacy.
. Then G is either of the form N or N , −N for some N ∈ G , or it is conjugated by a matrix in GL(2 , Q) to the group
The group H is isomorphic to the dihedral group D 4 . We admit subgroups of MCG(T 2 ) that contain orientation-reversing classes. Indeed H contains orientation-reversing classes. Hence a subgroup of MCG(T 2 ) consisting of orientation-preserving classes is always abelian. We present a proof of the above lemma in the Appendix of [12] .
CONSTRUCTION OF A G-INVARIANT MEASURE
Let G ⊂ Homeo(T 2 ) be a nilpotent subgroup. In this section we want to present a description for the set I G of irrotational elements of G. In particular we will show that I G is a subgroup of G. The main difficulty to prove this is that the sets P(f ) and P(g) can be very different for f, g ∈ G. In order to overcome this problem, we do the following : given φ ∈ G 0 and µ ∈ P(φ) we construct, under certain natural conditions, a measure µ ′ ∈ P(G) such that ρ µ φ = ρ µ ′ φ for any liftφ of φ. This property can be interpreted as some rigidity property of nilpotent groups since a property that is satisfied for one element induces an analogous global property.
Let us begin this section with a simple case, corresponding to groups of isotopic to the identity homeomorphisms of the 2-torus. First we prove Theorem 1.4.
In particular there are non-trivial irrotational elements in the nilpotent subgroups of
Proof of Theorem 1.4. Suppose that G is a subgroup of Homeo 0 (T 2 ). Furthermore suppose G finitely generated. Let us remark from [31, 2] that the elements φ ∈ G ′ grow sublinearly with respect to the word metric in the following sense: |φ n | = O(n 1/2 ) where |φ n | denotes the distance from φ n to the identity with respect to the word metric for a given finite generating set of G. In particular, φ is a distortion element i.e. the sequence |φ n |/n n≥1 goes to zero when n tends to infinity. Moreover if
where M = max 1≤i≤s,z∈R 2 h i (z) −z and · denotes the usual norm in R
2
. Then we obtain
Let ν be a φ-invariant ergodic Borel probability measure. Birkhoff's ergodic theorem implies lim n→∞φ
converges uniformly to ρ ν (φ) when n → ∞ by Equation (4.0.1). In particular we obtain ρ(φ) = {ρ ν (φ)}. Analogously, these properties hold if G is any nilpotent subgroup of Homeo 0 (T 2 ) since any element of G ′ belongs to the derived group of some finitely generated subgroup of G.
Since G is nilpotent there exists a probability measure µ that is invariant by all the elements of G. Lemma 2.3 implies that the map ρ µ :
is a morphism of groups. The restriction of ρ µ to the derived group of Homeo 0,µ (R 2 ) is a vanishing map and hence there exists a unique liftφ such that ρ µ (φ) = (0, 0) for any φ ∈ G ′ . Since the rotation set ρ(φ) contains exactly one point, we deduce ρ(φ) = {(0, 0)}. In particular φ is irrotational andφ is its irrotational lift.
Suppose G ⊂ Homeo + (T 2 ). In this case the group [ G ] is abelian by Lemma 3.2.
and all the elements of
Proof of Theorem 1.6 for G ⊂ Homeo 0 (T 2 ). It suffices to show that given a liftφ of an element φ of G and a φ-invariant probability measure µ then there exists a G-invariant probability measure ν such that ρ µ (φ) = ρ ν (φ).
We will prove that there exists a Z (j) (G), φ -invariant probability measure ν j such that ρ µ (φ) = ρ ν j (φ) by induction on j. The result is obvious for j = 0 by defining ν 0 = µ. Suppose that the result holds true for j. We have
is a morphism of groups by Lemma 2.3, we obtain
Hence Z (j+1) (G) acts affinely on the compact convex set
The fixed-point property of amenable groups implies that there exists a fixed point ν j+1 of the action of
4.1. The construction method. We want to extend the result in Theorem 1.6 to more general subgroups of Homeo(T 2 ). In order to achieve this goal, we construct a G-invariant measure µ ′ , following the classical construction of an invariant measure for a solvable group of homeomorphisms on a compact metrizable space.
Let φ , µ be as above. We denote ρ 0 = ρ µ (φ). Up to replace µ with another measure in P(φ) we can suppose µ ∈ P(G 0 ) and ρ µ (φ) = ρ 0 by Theorem 1.6 for G 0 ⊂ Homeo 0 (T 2 ). We construct new measures by using an inductive method. We choose a finite set S := {g 1 , . . . , g n } such that G 0 , g 1 , . . . , g n = G. If we do not require any other property to the elements of S then we can choose n ≤ 2 by Lemma 3.2. Let us define µ 0 = µ. Our goal is constructing a Borel probability measure µ j that is ψ-invariant for any ψ ∈ G j , φ where
. . , g j and g 0 denotes the identity map of T 2 .
In this context the following condition will play a fundamental role in the construction :
is the set of roots of the unity. We will see that Condition ( * ) and the construction process implies ρ µ j φ = ρ µ φ for all liftsφ of φ and 0 ≤ j ≤ n. We say that G satisfies the Condition ( * ) if there exists a set S as described above. Let us suppose that G/G 0 is abelian. Otherwise G/G 0 is conjugated to H by Lemma 3.2 and it is easy to see that G does not satisfy the Condition ( * ).
Let us suppose that the G j , φ -invariant measure µ j has been already constructed for 0 ≤ j < n. Then we define the measures :
From the compactness of the space of probability measures on T 2 in the weak * topology we know that the sequence ν j,ℓ ℓ≥1 has a subsequence that converges to a probability measure µ j+1 in this topology. Of course the choice of µ j+1 is not necessarily unique. The measure µ j+1 is g j+1 -invariant since we have the relation :
Let us check out that µ j,ℓ is G j , φ -invariant for any ℓ ∈ Z. For this let us fix ψ ∈ G j , φ . Since G/G 0 is abelian, we have ψ
and we conclude that
Now, let us remember some elementary properties about the eigenvalues of the elements of GL(2 , Z) .
Remark 4.1. For a given A ∈ GL(2 , Z) we have :
• The complex (non real) eigenvalues occur when tr(A) = 0 , ±1 and det(A) = 1.
• The eigenvalue −1 occurs when tr(A) = −2 and det(A) = 1 or when tr(A) = 0 and det(A) = −1 ; • The eigenvalue 1 occurs when tr(A) = 2 and det(A) = 1 (i.e. when A is either the identity map or a Dehn twist) or when tr(A) = 0 and det(A) = −1 ; • In all the other cases A has an eigenvalue of modulus greater then 1 and another of modulus less then 1.
4.2.
Properties of the measure. The idea of the construction is trying to prove that, defined the measures µ 0 , µ 1 , . . . , µ j as above, we define the subsequent measures in the process preserving rotation numbers of the elements of G j . For this, first we need to obtain a formula for rotation numbers with respect to the new measures as a function of the old ones. Following our conventionψ denotes a lift of ψ ∈ Homeo(T 2 ) to the universal covering of T 2 . Lemma 4.2. Suppose that
Proof. Fix 0 ≤ j < n. First we will show Equation (4.2.2) by induction on p. The case p = 1 is a consequence of Lemmas 2.2 and 2.3; indeed we obtain
by Lemmas 2.2 and 2.3. The induction hypothesis gives the equality
,h ] . Thus, returning to the last expression of ρ µ j,p+1
h we obtain Equation (4.2.2) for the case p + 1 and the proof of (4.2.2) is finished. Now, we apply Equation (4.2.2) to g
and we obtain :
for all p ≤ −1 and h ∈ Z (k+1) (G) ∩ G 0 . Returning to the hypothesis (4.2.1) and remembering that [ g j+1 , h ] ∈ Z (k) (G) ∩ G 0 we conclude by using Lemmas 2.2 and 2.3 that :
From the above equality and Equation (4.2.4) we conclude Equation (4.2.3).
Rotation numbers can vary along the process if we do not impose any condition. Roughly speaking Condition ( * ) implies that the sequence of rotation numbers is either constant or unbounded. We obtain invariance of rotation numbers since clearly the latter situation is impossible.
Lemma 4.3. Consider {g 1 , . . . , g n } satisfying Condition ( * ) . Fix k ≥ 0 and suppose
Proof. Fix 0 ≤ j < n and let h ∈ Z (k+1) (G) ∩ G 0 . We will prove that ρ µ j,q (h) = ρ µ j (h) for any q ∈ Z. For this, we recall that the hypothesis on [g j+1 ] implies that the mapping class [g j+1 ] is either trivial, equal to a Dehn twist or 1 / ∈ spec[g j+1 ] by Remark 4.1.
,h for all h ∈ Z (k+1) (G) ∩ G 0 and q ∈ Z by Equations (4.2.2) and (4.2.3). Since the set of rotation vectors ofh is bounded, it follows ρ µ j [g
Suppose that [g j+1 ] is a (non-trivial) Dehn twist. Up to a change of coordinates in GL(2 , Z) we can suppose
Thus, in these new coordinates, ρ µ j,q h takes the form :
,h ] = (w 1 , w 2 ) by Lemma 4.2. Since the set of rotation vectors ofh is bounded, we deduce w 1 = 0 and
Again, the boundness of the set of rotation vectors ofh guarantee that mv 1 + w 2 = 0 and then we have ρ µ j,q (h) = ρ µ j (h) for any q ∈ Z + . Similar arguments with Equation (4.
. On the other hand [ g
where the first equality comes from (4.3.1) whereas the second is consequence of Lemmas 2.2 and 2.3. Now, let u = ρ µn h τ . Replacingh with
By plugging the last expression in Equations (4.2.2) and (4.2.3) we obtain
Again, the boundness of the set of rotation vectors
is bounded. Moreover, Remark 4.1 and the hypothesis on spec[g j+1 ] imply that [g j+1 ] has an eigenvalue of modulus greater than 1 and an eigenvalue of modulus less than 1 . These properties are compatible only if ρ µ j T −u •h τ = 0 . In such a case we have
As a consequence we obtain ρ ν j,p h = ρ µ j h for any p ∈ Z + and then ρ µ j+1 h = ρ µ j h . We are done by making j vary in {0, . . . , n − 1}.
Next we identify the nilpotent subgroups of MCG(T 2 ) that are compatible with the existence of generator sets satisfying Condition ( * ). First we consider the following Condition ( * * ) on G ⊂ Homeo(T 2 ) :
( * * )
[G] has one of the following forms :
does not contain any eigenvalue of modulus 1. Now we state the following remark.
Remark 4.4. Let G ⊂ Homeo(T 2 ) be a nilpotent group and suppose that G satisfies Condition ( * * ). We can construct a set S := {g 1 , . . . , g n } such that G = G 0 , g 1 , . . . , g n and S satisfies Condition ( * ).
The remark is trivial if
Let us consider the case [G] = A . It suffices to define n = 1 and to take
Consider now the case [G] = A , −Id . We define n = 2 and elements
In the next remark we describe the nilpotent subgroups of Homeo(T 2 ) that do not satisfy Condition ( * * ). Proposition 4.6. Let G be a nilpotent subgroup of Homeo(T 2 ) and suppose that G satisfies Condition ( * * ) . Given φ ∈ G 0 and µ ∈ P(φ) there exists ν ∈ P(G) such that ρ µ (φ) = ρ ν (φ) for any liftφ of φ . Moreover if µ is G 0 -invariant we have ρ µ (ψ) = ρ ν (ψ) for any liftψ of every ψ ∈ G 0 . Proof. We can suppose that µ is G 0 -invariant by Theorem 1.6 for subgroups of Homeo 0 (T 2 ). Since G satisfies Condition ( * * ), it follows that [G] is infinite by Remark 4.5 and thus abelian by Lemma 3.2. Then we can apply the construction of a G-invariant measure in subsection 4.1. There exists a subset S := {g 1 , . . . , g n } of G such that G = G 0 , g 1 , . . . , g n and S satisfies Condition ( * ) by Remark 4.4. Equation (4.3.1) in Lemma 4.3 holds trivially for k = 0. Moreover if it is satisfied for k then so it is for k + 1 by Lemma 4.3. We deduce ρ µ (ψ) = ρ ν (ψ) for any liftψ of any ψ ∈ G 0 where ν := µ n is the G-invariant probability measure provided by Lemma 4.3. Now, we compare our definitions of irrotationality for nilpotent groups that satisfy Condition ( * ).
Proposition 4.7. Let G be a nilpotent subgroup of Homeo(T 2 ) and suppose that G satisfies Condition ( * * ) . Then we have I G = G I .
Proof. It is clear that I G ⊂ G I . Now, suppose there exists φ ∈ G I such that φ / ∈ I G . Fix a liftφ of φ. Since φ is non-irrotational, the homeomorphismφ is not an irrotational lift of φ. Thus there exists µ ∈ P(φ) such that ρ µ (φ) = (0, 0). There exists ν ∈ P(G) such that ρ ν φ = ρ µ φ = (0 , 0) by Proposition 4.6.
Thus we deduce thatφ / ∈G ν I and thenφ / ∈G I . Sinceφ is any lift of φ we conclude that φ / ∈ G I which is a contradiction. Consequently, we obtain G I ⊂ I G and then 1 , 2 , 3 , 4 , 6 or 8) containing G 0 such that ρ µ (φ) ; µ ∈ P(φ) = ρ ν (φ) ; ν ∈ P(H) for any liftφ of every φ ∈ G 0 . In particular we obtain I G = I H = H I . Moreover I G is a normal subgroup of G.
Proof. If G satisfies Condition ( * * ) then Proposition 4.6 gives us H = G. In the case where G does not satisfy Condition ( * * ) we have from Remark 4.5 that:
In the latter case H is an index 2 normal subgroup of G. In the former case we just have to notice that the list of finite nilpotent subgroups of GL(2, Z) consists of the subgroups of C 6 and the subgroups of D 4 . It can be proved by using Remark 4.1. The group H satisfies Condition ( * * ). We have I G = I H by definition whereas I H = H I is a consequence of Proposition 4.7. Since H I is a subgroup of H, it follows that I G is a subgroup of G. It is normal in G since I Homeo 0 (T 2 ) is a normal subset of Homeo 0 (T 2 ). 
of the form h(x, y) = (x + f (x), y + g(x)) where
We always have f (0) = f (1/2) = g(0) = g(1/2) = 0 , hence we obtain {0, 1/2} × R ⊂ Fix(h). We can choose f, g such that x + f (x) has fixed point set {0, 1/4, 1/2} at [0, 1/2] and g(1/4) = 0. The diffeomorphismh is a lift of an element h of Diff 0 (T 2 ). We denote by φ the element of Diff(T 2 ) having the liftφ(x, y) = (−x, −y). We define the groupsG = h , −Id ; G = h , φ . . We obtain I G = {Id} and then I G = G I .
PROOF OF THE THEOREM 1.2
In order to show Theorem 1.2 we reduce the general situation to more tractable ones. The main tools are a Thurston decomposition of all elements in the normal subgroup H à la Franks, Handel and Parwani [16] and Theorem 2.4, that allows us to find global fixed points by lifting the problem to the universal covering.
First we deal with the simple case in which supp(µ) admits aφ-invariant compact lift.
where H is a normal subgroup of G. Suppose there exist a liftφ of φ to the universal covering and a non-empty compact setC ⊂ R 2 which isφ-invariant. If π(C) is contained in Fix(H) then G has a global fixed point.
Proof. IfC is notφ-minimal we replace it by aφ-minimal set contained inC. Let ν be a G-invariant Borel probability measure on T 2 with supp(ν) ⊂ π(C). Fixp ∈C and let H be the following lift of H:
We claim thatH is a normal subgroup of H ,φ . For this let us denote H j = Z (j) (G) ∩ H. We will show by induction on j ≥ 0 that the liftH j ⊂H of H j is a normal subgroup of H ,φ .
The result is obviously true for j = 0. Now, suppose the result holds true for some integer j ≥ 0 . Given ℓ ∈ Z we have that the elements ofφ lH jφ−l fixφ l (p) . From the induction hypothesis we have that φ lH jφ−l =H j . Thus theφ-orbit ofp is contained in Fix(H j ) and thenC ⊂ Fix(H j ). Consequently we conclude that π −1 (π(C)) ⊂ Fix(H j ) since the elements ofH j commute with the covering transformations.
Given h ∈ H j+1 and l ∈ Z we know that
On the other hand, ρ ν H ,φ is a morphism of groups by Lemma 2.3 and we obtain ρ ν φ l ,h =
proving thatH j+1 is a normal subgroup of H ,φ . Since G is nilpotent we conclude that H is normal in H ,φ . Now, in particular we have thatC is contained in Fix(H) and it is is a non-empty compact set which is invariant by H ,φ . Moreover, fromφHφ −1 =H and φ H φ
Thus if G is finitely generated then Fix H ,φ = ∅ by Theorem 2.4 and G has a global fixed point. The general case for G follows now from the finite intersection property on T Let us return to the statement of Theorem 1.2 and consider the following special case : supp(µ) is a finite set. Let p ∈ supp(µ) andp ∈ π −1 (p). The ergodic nature of µ guarantees that the φ-orbit of p coincides with supp(µ) . Moreover, the property ρ µ φ = (0 , 0) implies that theφ-orbit ofp is finite. Consequently, supp(µ) has ã φ-invariant compact lift. In particular we obtain : • γ ⊂ T 2 \ supp(µ) ; • the compact disc D enclosed by γ contains points of supp(µ) ;
Then G has a global fixed point.
Proof. Let us denote C = D ∩ supp(µ) and letD be a lift of D in R
2
. Letφ be the lift of φ such that ρ µ φ = (0 , 0) and let us fix the liftC = π −1 (C) ∩D of C. Since φ k (γ) is isotopic to γ in T 2 \ supp(µ) we obtain φ k (C) = C. Consequently, the compact set ∪ k−1 j=0 φ j (C) is φ-invariant and has positive measure. Now, it follows from the φ-ergodicity of µ that
We haveφ
j C is a non-empty compactφ-invariant set whose projection by π is contained in Fix(H) . Then the group G has a global fixed point by Proposition 5.1.
A common trait in several subcases in the proof of Theorem 1.2 is that if φ preserves a non-trivial simple closed curve modulo isotopy relative to supp(µ) then G has a global fixed point. In particular such phenomenon forces the Thurston decomposition of H to be trivial. Proof. Suppose Fix(G) = ∅. Let us prove that any element of H is isotopic to the identity relative to supp(µ).
Since Fix(G) = ∅ there exists a finitely generated subgroup J of G containing φ and such that Fix(J) = ∅. Now it suffices to prove that h is isotopic to the identity relative to supp(µ) for every finitely generated subgroup L of G containing J and h ∈ L ∩ H. Hence up to replace G with L and H with L ∩ H we can suppose that G is finitely generated and Fix(G) = ∅.
Let us denote K = supp(µ). Since K is a subset of Fix(H) then K is G-invariant. Now we apply Proposition 2.6. We can suppose that the Thurston decomposition is minimal, i.e. that it has a minimal number of reducing curves. It suffices to show R = ∅ and ♯K = ∞. The former property implies that T 2 is the unique connected component of T 2 \ A whereas the latter property guarantees that h is isotopic to the identity relative to K for any h ∈ H. Moreover since R is φ-invariant modulo isotopy relative to K, there exists k ∈ Z such that φ k (γ) is isotopic to γ in T 2 \ K for any connected component γ of R. Hence we may admit that R does not contain non-essential reducing curves by Proposition 2.6 and Lemma 5.3.
Suppose R = ∅. Since the curves in R are simple and pairwise disjoint, they are free homotopic to an essential curve κ in T
. Consider a connected component U of T 2 \ R. Then either ♯(U ∩K) = ∞ or ♯(U ∩K) < ∞ and χ(U \ K) < 0 by the properties of the Thurston decomposition. Since U is an annulus (χ(U) = 0), it contains points of K. The curve κ defines a non-trivial class (a, b) in
for all z ∈ K ∩ U where <, > is the canonical inner product. The last property contradicts the Birkhoff's ergodic theorem. Since φ(U ∩K) = U ∩K and µ is φ-ergodic, we obtain that T 2 \R has one connected component. We can suppose that K is an infinite set, otherwise Fix(G) is non-empty by Corollary 5.2.
If R contains exactly one reducing curve then any h in H is isotopic to a Dehn twist θ relative to K. The diffeomorphism h is isotopic to the identity; thus the Dehn twist is trivial. We deduce that h is isotopic to the identity relative to K. If we remove the unique curve in R we still have a Thurston decomposition, contradicting the minimality of R.
Lemma 5.4 implies that we can consider a canonical lift of H, namely the identity lift H of H to the universal covering of T 2 \ supp(µ). The practical consequence is that from now on we focus on properties of φ and the role of H is secondary.
be a non-empty ψ-invariant compact set. Let us fix z ∈ Fix(ψ) \ K and let U be the connected component of T 2 \ K containing z. Fixed a liftz of z in the universal coveringŨ of U we will denote byψz the lift of ψ toŨ such thatψz(z) =z.
Our goal is finding a liftψz having a compact fixed point set and then applying Theorem 2.5. The next definition is useful to study the obstruction to the existence of such a lift.
The property Q(supp(µ), φ) = ∅ is a necessary condition for the existence of a lift of φ with a non-empty compact fixed point set. Curiously, it is also a sufficient condition.
Lemma 5.7. Consider the setting in Theorem 1.2. Suppose there exists z ∈ Q(supp(µ), φ) and let U be the connected component of T 2 \ supp(µ) containing z. Then either Fix(G) = ∅ or Fix φz is a non-empty compact subset ofŨ.
Proof. Suppose Fix(G) = ∅ and let us denoteφ =φz following Definition 5.5. Let π ′ : U → U be the universal covering map. By constructionz belongs to Fix φ . Moreover, it is clear that Fix(φ)∩U is a compact set since Fix(G) = ∅ implies Fix(φ)∩supp(µ) = ∅. Hence it suffices to prove that the map π
: Fix φ → Fix(φ) is injective. We will prove this by contradiction.
Suppose that π
is not injective. Thenφ commutes with some covering transformation and there exists a non-trivial homotopy class
it follows from Lemma 2.12 of [16] that, up to replace β with another representative of [β] there exists a finite type compact and connected subsurface T contained in U, containing β , with no connected component of ∂T bounding a disc in T 2 \ supp(µ) and a homeomorphism θ :
such that θ is isotopic to φ relative to supp(µ), θ(T ) = T and θ T has finite order.
If ∂T has a connected component that bounds a compact disk D in T 2 then G has a global fixed point by Lemma 5.3, contradicting the condition Fix(G) = ∅ . So we can suppose that all the boundary curves in ∂T are essential in T 2 . Since they do not intersect each other they are all homotopic in T 2 to some essential simple closed curve κ ′ and the surface T is an annulus. The class [β] is not null-homotopic in U and hence it is not null-homotopic in the annulus. Consequently, β is homotopic to a non-trivial multiple of the core fundamental class ς of the annulus and
. But this also leads to a contradiction since z ∈ Q(supp(µ), φ) and the proof is complete. Proof. Let us denote K = supp(µ). If K ∩ Fix(φ) = ∅ then there is nothing to prove. Now let z ∈ Q(K, φ) and suppose K ∩ Fix(φ) = ∅. Consider the connected component U of T 2 \ K containing z. An orientation-preserving homeomorphism ψ defined in a connected topological manifold M leaves the connected components of M \ Fix(ψ) invariant [7] . Since K ⊂ Fix(H) we deduce that U is H-invariant.
If U is a topological disc then the restriction of G to U defines a nilpotent group such that Fix φ U is a non-empty compact set and we obtain Fix(G) = ∅ by Theorem 2.5.
Suppose that U is an annulus and let κ ′ be a core curve of the annulus. The curve κ ′ is non-essential in T 2 , otherwise z does not belong to Q(K, φ). Thus we obtain Fix(G) = ∅ by Lemma 5.3.
Hence we can suppose from now on that U has negative Euler characteristic. Let us denoteφ =φz (cf. Definition 5.5). Following Lemma 5.7 we can assume that Fix φ is a non-empty compact set. Moreover we can admit that h is isotopic to the identity relative to K for any h ∈ H by Lemma 5.4. Now, letH ⊂ Diff 1 0 (Ũ) be the subgroup composed by the identity lifts of elements of H. The identity lift is well-defined since χ(U) < 0. Given that the elements ofH are the identity lifts of elements in H we haveφHφ −1 =H. Consequently,H is a normal subgroup of H ,φ . Moreover, from [ H ,φ , H ,φ ] ⊂H we conclude that H ,φ is a nilpotent group as we have done at the end of the proof of Proposition 5.1. Therefore H ,φ has a global fixed point by Theorem 2.5 and we obtain Fix(G) = ∅.
In order to complete the proof of Theorem 1.2 it suffices to show that Q(supp(µ), φ) is non-empty. The next definition is useful to work in the universal covering. The next lemma completes the proof of Theorem 1.2. In its proof we are going to use the above theorem only when the compact set is a finite orbit. In such a case the result is due to Gambaudo [18] .
. Suppose there exist a φ-invariant ergodic probability measure µ and a liftφ ∈ Diff
Proof. Since ρ µ φ = (0 , 0) and µ is φ-ergodic we have that Fix(φ) = ∅ by Franks Theorem 1.1. Denote K = supp(µ) and let p be a fixed point of φ. If p belongs to Q(K, φ) then there is nothing to prove.
Suppose p / ∈ Q(K, φ) and consider the simple closed curve ς 0 in T 2 \ K provided by Definition 5.6. This loop is based on p ∈ Fix(φ) and it is essential in T [1] , implies that there exists a total measure set E ⊂ K ⊂ T 2 such that for any z ∈ E there exists an increasing sequence (n k ) k≥1 of positive integers such that
where < , > is the canonical inner product andz is any lift of z. Moreover, since ς 0 is essential in
In particular we obtain from (5.11.1) thatφ n k (z) →z whenever π(z) ∈ E. Therefore the set of points in K whose preimages areφ-recurrent has total measure.
We will prove the lemma by using Theorem 5.10. For this we consider a local small C 0 -perturbation ofφ without changing the set of fixed points and getting a new non-empty compact set which is invariant by the perturbation. This new invariant compact set for the perturbation will be a periodic orbit contained in π −1 (K) . Let us fixq ∈ π −1 (K) a ω-recurrent point forφ. We will choose H ∈ Homeo 0 (R 2 ) whose support is contained in a small compact diskD containingq in its interior. We are always assuming thatD is a lift of a small disk D contained in T
. Furthermore H is such that :
Of course the choice of H depends on the compact disk D which can be made arbitrarily small. Now, let us remind the reader that Franks proves the existence of a fixed point for φ proving thatφ has a fixed point (cf. beginning of the proof of Theorem 3.5 in [14] ). In the same spirit, to finish the proof of the lemma it suffices to conclude that
From the above relation we obtain Q(K, φ) = ∅ as required by the lemma since we have P (O, H •φ) = ∅ by Theorem 5.10.
To prove (5.11.2) for a suitable choice of H and D we do the following. Consider
. Consider a simple closed curve ς in T 2 \ K given by Definition 5.6. We remind that ς is based on
be the lift of ς withς(0) =z 1 and let T w be the translation given by the covering transformation for π :
w ς(t − [t]) where [t] denotes the greatest integer less than or equal to t. It is a continuous path such that ς(t) → ∞ when t goes to infinity. The loops ς and φ • ς are homotopic in T 2 \ K relative to the base point z 1 . Thus the pathsς [0, 1] and φ •ς [0, 1] are homotopic relative to the endsz 1 , T w (z 1 ) by a homotopy
w F (t − [t], s) . In this way the extended paths ς andφ •ς are properly homotopic in R 2 \ π −1 (K) relative to 0 ∈ [ 0 , ∞) . Furthermore, since the loops ς and φ • ς are homotopic in T 2 \ K we conclude that the extended homotopy F betweeen the extended curvesς andφ •ς does not intersect the set π
. Since Fix φ = Fix H •φ by construction we obtain
following the Definition 5.9. We remind the reader thatD is the lift containingq of a convenient small disk in T 2 containing q = π(q) in its interior. Now, we need to make a choice of D that does not depend on z ∈ Fix(φ) \ Q(K, φ) . For this we remark that if the above construction holds true for some z ∈ Fix(φ)\Q(K, φ) then the same is true for all the points of Fix(φ) \ Q(K, φ) in a small neighborhood of z even without changing the compact disk D. Moreover we have that Fix(φ) \ Q(K, φ) is a compact set since Fix(φ) ∩ K = ∅. The existence of a common choice of D for any z ∈ Fix(φ) \ Q(K, φ) is a consequence of the compactness of Fix(φ) \ Q(K, φ) , completing the proof of the lemma. Proof of Theorem 1.3. We can suppose that G is finitely generated. Let us show that Fix(Z (k) (G)) = ∅ by induction on k ; it is obvious for k = 0. Suppose Fix(Z (k) (G)) = ∅. Since G is a finitely generated nilpotent group, it is polycyclic (cf. [21, Theorem 17.2.2]) and as a consequence every subgroup of G is finitely generated. Let {g 1 , . . . , g n } be a generator set of Z (k+1) (G). We denote
Let us show that Fix(H j ) is a non-empty set for any j ≥ 0 by induction on j. The result is clear for j = 0. Since H j is normal in H j+1 , the set Fix(H j ) is g j+1 -invariant. Let µ be a g j+1 -invariant ergodic measure with supp(µ) ⊂ Fix(H j ). The diffeomorphism g j+1 is irrotational; hence we deduce Fix(H j+1 ) = ∅ by Theorem 1.2. We obtain Fix(H j ) = ∅ for any 0 ≤ j ≤ n and in particular Fix(Z (k+1) (G)) = ∅. As a consequence Fix(Z (k) (G)) is a non-empty set for any k ∈ Z ≥0 . Since G is nilpotent, we deduce Fix(G) = ∅. Proposition 6.1. Let G be an amenable subgroup of Homeo + (S 1 ) such that every element of G has a non-empty fixed-point set. Then G has a global fixed point.
Proof. Since G is amenable, there exists a G-invariant Borel probability measure µ. Given φ ∈ G, the dynamics of φ in every connected component of S 1 \ Fix(φ) is conjugated to a translation. Thus no point of S 1 \ Fix(φ) can be in the support of a φ-invariant Borel probability measure. As a consequence we obtain supp(µ) ⊂ Fix(G) and hence Fix(G) is non-empty.
The versions of Theorems 1.4 and 1.5 for the circle are very elementary. In this context given an amenable subgroup G of Homeo(S 1 ) then :
. Indeed the rotation number for elements of G coincides with the rotation number with respect to a G-invariant measure. Thus the map sending each element of a subgroup G of Homeo + (S 1 ) to its Poincaré's rotation number is a morphism of groups by an analogue of Lemma 2.3 for the circle. Thus every element of G ′ has vanishing rotation number. Consequently, in cases (i) and (ii) above, there exist global fixed points by Proposition 6.1.
In what follows let τ :
be the 2-fold orientation covering map of the Klein bottle by the 2-torus and let us denote by σ the non-trivial τ -lift of the identity map.
Consider the covering transformations T 1 (x, y) = (x + 1/2, −y) and T 2 (x, y) = (x, y + 1) generating the fundamental group of
the subgroup of all τ -lifts of elements of G. As remarked in [12, Section 4] , given f ∈ G its distinct τ -lifts aref and σ •f . Moreoverf and σ commute and, consequently, G τ is nilpotent when G has this property.
On the other hand for each f ∈ Homeo 0 (K 2 ) there exists a unique τ -lift f τ of f in Homeo 0 (T 2 ). It can be obtained by lifting via τ any isotopy from the identity of K 2 to f starting at the identity of T
. Let us remark that σ • f τ cannot be obtained by this process since σ is orientation reversing. In this way we construct a natural τ -lift
. For a given f ∈ Homeo(K 2 ) and µ ∈ P(f ) we denote by µ τ the Borel probability measure on T 2 obtained by normalizing the lift of µ via the local homeomorphism τ . In this case the measure µ τ is the unique probability measure invariant by f τ and σ (and then also by σ • f τ ) but we lost the ergodicity for the measure µ τ if µ is ergodic. Let us address this issue. There exists a natural map
. Let µ be a f -ergodic Borel probability measure. The measure µ τ is the unique Borel probability measure in (τ * ) −1 (µ) such that σ * µ τ = µ τ . The subset (τ * ) −1 (µ) of P(f τ ) is non-empty (it contains µ τ ), compact in the weak * topology and convex. Hence (τ * ) −1 (µ) has a extreme point ν by the Bauer maximum principle (cf. [9, Corollary 25.10]). We claim that ν is f τ -ergodic. Otherwise ν is not a extreme point among f τ -invariant measures, i.e. there exist f τ -invariant Borel probability measures ν 1 , ν 2 and 0 < t < 1 such that ν 1 = ν 2 and ν = tν 1 + (1 − t)ν 2 . We deduce τ * ν = tτ * ν 1 + (1 − t)τ * ν 2 . Since τ * ν = µ is f -ergodic, it follows that τ * ν is a extreme point of the set of f -invariant Borel probability measures. We obtain τ * ν = τ * ν 1 = τ * ν 2 = µ. Now the equality ν = tν 1 + (1 − t)ν 2 (with 0 < t < 1 and ν 1 = ν 2 ) contradicts that ν is a extreme point of (τ * ) −1 (µ). Since ν is ergodic, there exists a Borel set A such that ν(A) = 1 and
n in the weak* topology for any p ∈ A, where δ q is the Dirac delta at q. Moreover, the equality f τ • σ = σ • f τ implies σ * ν = lim n ∈ {ν, σ * ν} for any p ∈ τ −1 (τ (A)). Since ν ′ (τ −1 (τ (A))) = 1 for any probability measure in (τ * ) −1 (µ), we deduce that ν and σ * ν are the unique ergodic f τ -invariant probability measures by Birkhoff's ergodic theorem. The measure ν+σ * ν 2 belongs to (τ * ) −1 (µ) and is σ-invariant and hence it is equal to µ τ . Notice that µ τ is ergodic if and only if σ * ν = ν and then (τ * ) −1 (µ) = {µ τ }. Letf τ be an identity lift of f τ to R
. We denote ρ ν (f τ ) = (a, b). We have for any (x, y) ∈ π −1 (p) and ν-a.e. p ∈ T 2 by Birkhoff's ergodic theorem and simple calculations. We deduce ρ σ * ν (f τ ) = (a, −b) and then ρ µτ (f τ ) = (a, 0). Thus the vector (a, |b|) does not depend on the choice of the ergodic measure in (τ * ) −1 (µ) and the following concept is well-defined. Definition 6.2. Let µ be an ergodic f -invariant measure andf τ be an identity lift of f τ to R
. We define ρ µ (f τ ) as the vector (a, |b|) where (a, b) = ρ ν (f τ ) for some ergodic f τ -invariant measure ν with τ * ν = µ. that commutes with every map in T 1 , T 2 . As a consequence T is of the form T (x, y) = (x + m, y) for some m ∈ Z. We obtain ρ µ (f τ ) = (a + m, |b|). Definition 6.4. Let µ be an ergodic f -invariant measure. We define ρ µ (f τ ) as the class of the vector (a, |b|) in R/Z × R where (a, b) = ρ µ (f τ ) for some identity liftf τ to R 2 .
The following lemma is a trivial consequence of the previous discussion.
Lemma 6.5. Let f ∈ Homeo 0 (K 2 ). Consider an ergodic f -invariant Borel probability measure µ. Then the following conditions are equivalent:
• ρ µ (f τ ) ∈ {0} × Z ⊂ R/Z × R ;
• ρ ν (f τ ) = 0 ∈ R 2 /Z 2 for some ergodic f τ -invariant probability measure ν ∈ (τ * ) −1 (µ) ; • ρ ν (f τ ) = 0 ∈ R 2 /Z 2 for any ergodic f τ -invariant probability measure ν ∈ (τ * ) −1 (µ).
Now we can introduce the analogue of Theorem 1.2 for the Klein bottle.
Corollary 6.6. Let G = H, φ be a nilpotent subgroup of Diff
where H is a normal subgroup of G. Suppose there exists a φ-invariant ergodic probability measure µ such that the support of µ is contained in τ (Fix(H τ,0 ) ) and ρ µ (φ τ ) ∈ {0} × Z. Then G has a global fixed point.
Proof. Let ν be an ergodic φ τ -invariant Borel probability measure ν ∈ (τ * ) −1 (µ). Given a point p ∈ K 2 in supp(µ), there exists p τ ∈ T 2 ∩ τ −1 (p) ∩ Fix(H τ,0 ) by hypothesis. Since σ commutes with g τ for any g ∈ H, we obtain supp(ν) ⊂ τ −1 (supp(µ)) ⊂ Fix(H τ,0 ). Since H τ,0 is normal in H τ,0 , φ τ and ρ ν (φ τ ) = 0 ∈ R 2 /Z 2 (Lemma 6.5), it follows that H τ,0 , φ τ has a global fixed point by Theorem 1.2. Thus H, φ has a global fixed point in K Definition 6.8. We say that f ∈ Homeo 0 (K 2 ) is irrotational when the τ -lift f τ ∈ Homeo 0 (T 2 ) is irrotational.
Remark 6.9. An alternative definition of irrotational element of Homeo(K 2 ) is the following: an element f of Homeo(K 2 ) is irrotational if its orientation-preserving lift f + to T 2 is irrotational. A priori the definitions could be different since a non-isotopic to the identity f ∈ Homeo(K 2 ) can have an isotopic to the identity lift f + . An example is the homeomorphism induced byf (x, y) = (x, y +1/2) in the Klein bottle. Anyway we claim that both definitions are equivalent. It suffices to show that if f satisfies the second definition then f belongs to Homeo 0 (K 2 ). Letf be the irrotational lift of f + . The sequence of mapsf n −Id n converges uniformly to the constant map (0, 0) when n → ∞. Since f + is isotopic to the identity, it follows thatf • T = T •f for any T ∈ T The left hand side of the previous expression converges uniformly to (0, 0) whereas the right hand side converges uniformly to (a, b) when n → ∞. Hence we get (a, b) = (0, 0) and thusf commutes with every covering transformation in T 1 , T 2 . As a consequence f is isotopic to the identity map.
We have the following immediate corollary of Theorem 1.3.
Corollary 6.10. Let G be an irrotational nilpotent subgroup of Diff 1 0 (K 2 ). Then G has a global fixed point.
Before to announce the corollaries of Theorems 1.4 and 1.5 let us recall another property of the group G τ .
Given a subgroup G ⊂ Homeo(K 2 ) let us denote by G τ,+ the subgroup of all the elements of G τ that are orientation preserving. It is not difficult to see that G τ,+ is a τ -lift of G. Since f τ and σ commute for all f ∈ G then we can also conclude that [ G τ , G τ ] = [ G τ,+ , G τ,+ ] .
Corollary 6.11. If G is a nilpotent subgroup of Homeo(K 2 ) then : (i) G ′ is irrotational when G ⊂ Homeo 0 (K 2 ) ; (ii) G ′′ is irrotational when G ⊂ Homeo(K 2 ) .
Corollary 6.12. Let G be a nilpotent subgroup of Diff 1 (K 2 ). The following subgroups of G have a global fixed point :
For the compact annulus we have the following version for Theorem 1.2.
Corollary 6.13. Let N = H, ψ be a nilpotent subgroup of Diff
